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Abstract
We study Lie bialgebroid crossed modules which are pairs of Lie algebroid crossed modules
in duality that canonically give rise to Lie bialgebroids. A one-one correspondence between
such Lie bialgebroid crossed modules and co-quadratic Manin triples (K,P,Q) is established,
where K is a co-quadratic Lie algebroid and (P,Q) is a pair of transverse Dirac structures
in K.
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1 Introduction
The theory of Lie bialgebras and Poisson Lie groups, due for the most part to V. G. Drinfel′d
and M. A. Semenov-Tyan-Shanski˘ı, dates back to the early 80’s [11, 35]. A Lie bialgebra is a
∗Research is partially supported by NSFC grants 11471179, 11301317, 11971282.
†Corresponding author.
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pair of Lie algebras (g, g∗) in duality satisfying some compatible conditions. An interesting fact
is that, for a Lie bialgebra (g, g∗), there is a quadratic Lie algebra D = g ⊲⊳ g∗, namely the
double Lie algebra, and both g and g∗ serve as maximally coisotropic subalgebras in D. In fact,
(D, g, g∗) is an example of Manin triples [12]. An important result is that Lie bialgebras are in
one-one correspondence with Manin triples.
Lie bialgebroids, first introduced by Mackenzie and Xu in [29], are a natural generalization of
Lie bialgebras. A significant difference is that, the double of a Lie bialgebroid (A,A∗) is not a
quadratic Lie algebroid. Instead, there is a Courant algebroid structure underlying E = A⊕A∗,
and both A and A∗ are maximally isotropic and integrable (so called Dirac structures) in E [20].
Again, (E,A,A∗) forms a Manin triple, and the one-one correspondence between Lie biaglebroids
and Manin triples still holds.
The concept of Lie group crossed modules was proposed by Whitehead [33, 34] in 1940s. Since
then, it has been widely used in areas such as homotopy theory [4], group representations [3],
algebraic K-theory [21], and homological algebras [15, 25]. The category of Lie group crossed
modules is equivalent to the category of group-groupoids [5], and to the category of cat1-groups
[22]. Lie group crossed modules can be also viewed as 2-dimensional groups [2]. Lie algebra
crossed modules also appeared in Gerstenhaber’s work [13].
In this note, we will introduce a notion called “Lie bialgebroid crossed modules” and show its
relation with many other objects. Let us first review some basic notions that are needed in this
paper.
A Lie algebra crossed module is a pair of Lie algebras (θ, g), which are related by a Lie algebra
morphism φ : θ −→ g, and satisfies some compatibility conditions. A well-known result is that
the group of equivalence classes of crossed modules φ : θ −→ g describes the third cohomology
group of the Lie algebra g/φ(θ) [14]. Moreover, (θ, g) can be regarded as a Lie algebra pair
(g⋉ θ, g). The Atiyah class of a such Lie algebra pair tells the nontrivially of this construction
of Lie algebras [9].
Lie algebroid crossed modules, first introduced in [1], are a natural generalization of Lie algebra
crossed modules, and actually, are the infinitesimal counterparts of crossed modules of Lie
groupoids. Existence of certain principal bundles are characterized by an obstruction class
of a certain crossed module of Lie algebroids [17].
In an earlier work [6], Chen and Xu, the notion of weak Lie 2-bialgebras and Lie bialgebra crossed
modules. It turns out that Lie bialgebra crossed modules are particular instances of weak Lie
2-bialgebras and have many interesting properties. For example, a Lie bialgebra crossed module
can be lifted to a Poisson 2-group, and conversely, the infinitesimal of a Poisson 2-group is a Lie
bialgebra crossed module [7].
Therefore, as explained above, it is natural to quest for the proper generalized notion of Lie
bialgebroid crossed modules. The answer we found is Definition 3.1. We shall see that this notion
involves Lie bialgebroids, Courant algebroids and Lie algebroid crossed modules. Moreover, it
can be equivalently described by a matched pair of Lie algebroids. It is quite novel to see both
a matched pair of Lie algebroids and a Courant algebroid appearing in such a structure.
Moreover, we wish to find the Manin triple language of Lie bialgebroid crossed modules. In
this paper, we will propose our solutions to this question. We shall consider a pair of Lie
algebroid crossed modules in duality, (θ
φ
⇀ g) and (g∗
φT
⇀ θ∗), where φT = −φ∗. They form a
Lie bialgebroid crossed module if (Ag⊲θ, Aθ∗⊲g∗) is a Lie bialgebroid (see Definition 3.1). We also
define the notion of co-quadratic Lie algebroids, as well as their Dirac structures (see Definitions
3.3 and 3.5). Accordingly, a co-quadratic Manin triple (K,P,Q) is a co-quadratic Lie algebroid
K together with a pair of transverse Dirac structures P and Q (see Definition 3.6).
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Our main results are the following: Theorem 3.2 gives an equivalent description of Lie bial-
gebroid crossed modules in the language of matched pairs. Theorem 3.7 establishes a one-one
correspondence between crossed modules of Lie bialgebroids and co-quadratic Manin triples.
This paper is organized as follows. Section 2 contains a succinct account of standard facts about
Lie algebroid crossed modules, Lie algebroid matched pairs and Lie bialgebroids. Section 3
states the definition of Lie bialgebroid crossed modules and the main theorems on Lie biaglebroid
crossed modules. Our results are then particularized to a few concrete examples in Section 4.
Finally, Section 5 establishes a list of important identities and lemmas, and subsequently gives
the proofs of our main theorems.
Notation: the pairing of a vector x ∈ V and a co-vector ξ ∈ V ∗ is written as any of the following
forms: ξ(x), x(ξ), 〈x | ξ〉 or 〈ξ | x〉.
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2 Preliminaries
2.1 Lie algebroid crossed modules
We first review the notion of Lie algebroids, for which the reader may refer to [27].
Definition 2.1. A Lie algebroid (A, [·, ·], ρ) over M consists of a vector bundle A → M , a
bundle map ρ : A → TM called anchor and a Lie algebra bracket [·, ·] on the space of sections
Γ(A) such that ρ induces a Lie algebra homomorphism from Γ(A) to X(M) and the Leibniz
identity
[X, fY ] =
(
ρ(X)f
)
Y + f [X,Y ]
is satisfied for all f ∈ C∞(M) and X,Y ∈ Γ(A).
Every Lie algebra can be regarded as a Lie algebroid whose underlying base manifold is the
one-point space. The notion of Lie algebroids is certainly a combination of the particular case
of Lie algebras and the tangent bundle TM of a manifold M .
It is well-known that a Lie algebroid (A, [·, ·], ρ) gives rise to a Gerstenhaber algebra (Γ(∧•A),∧, [·, ·]),
and a degree 1 derivation d of the graded commutative algebra (Γ(∧•A∗),∧) such that d2 = 0
[36]. Here the (Lie algebroid) differential d is given by
(dα)(X1, · · · ,Xn,Xn+1) =
n+1∑
i=1
(−1)i+1ρ(Xi)α(X1, · · · , X̂i, · · · ,Xn,Xn+1)
+
∑
i<j
(−1)i+jα([Xi,Xj ],X1, · · · , X̂i, · · · , X̂j , · · · ,Xn+1).
To each X ∈ Γ(A), there is an associated degree (−1) derivation ιX of the graded commutative
algebra (Γ(∧•A∗),∧), given by
(ιXα)(X1, · · · ,Xn) = α(X,X1, · · · ,Xn).
The Lie derivative LX in the direction of a section X ∈ Γ(A) is a degree 0 derivation of the
graded commutative algebra (Γ(∧•A∗),∧) defined by the relation LX = ιXd+ dιX .
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To avoid possible confusions, we sometimes write LAX instead of LX to indicate that the Lie
derivative is coming from the Lie algebroid structure of A.
We remark that Kerρ ⊂ A, though it might be singular, is a bundle of Lie algebras, and known
as the isotropic bundle of A. The Lie bracket defined pointwisely is induced from that of Γ(A).
Example 2.2. An action of a Lie algebra g on a manifold M is a Lie algebra homomorphism
ρ : g → X(M). Such an action gives rise to a Lie algebroid structure on the trivial bundle
M × g −→M whose anchor is induced from ρ, and the bracket on Γ(M × g) is given by
[fu, gv] = fg[u, v]g + f
(
ρ(u)g
)
v − g
(
ρ(v)f
)
u,
where u, v ∈ g, f, g ∈ C∞(M).
This Lie algebroid is called the action Lie algebroid and will be denoted by Mg in the sequel.
More details can be found in [27].
We shall need the notion of Lie algebroid crossed modules [1].1
Definition 2.3. A Lie algebroid crossed module over a manifold M is a quadruple (θ, φ, g, ⊲),
where θ is a Lie algebra bundle over M , g −→M is a Lie algebroid, φ : θ −→ g is a Lie algebroid
morphism and ⊲ : g −→ D(θ) is a representation of g on θ, such that
(1) φ(u) ⊲ v = [u, v], for all u, v ∈ Γ(θ);
(2) φ(x ⊲ u) = [x, φ(u)], for all x ∈ Γ(g), u ∈ Γ(θ).
Remark 2.4. From the definition, it is easy to see that ρg ◦ φ = 0, where ρg is the anchor of of
g. In other words, φ takes values in the isotropy Lie algebra bundle of g.
In this paper, we also use the shorthand notation (θ
φ
⇀ g) to denote such a Lie algebroid crossed
module.
Example 2.5 ([1]). Let (M,ω) be a symplectic manifold. Then the vector bundle g = TM ⊕
(M ×R) becomes a Lie algebroid over M whose anchor is the projection to the first component,
and Lie bracket is
[X + f, Y + g] = [X,Y ] +X(g)− Y (f)− ω(X,Y ),
where X,Y ∈ X(M), f, g ∈ C∞(M).
Let θ =M×R, φ be the natural inclusion of θ into g. Define an action of g on θ by (X+f)⊲g =
X(g). Then (θ, g, φ, ⊲) is a Lie algebroid crossed module.
Lemma 2.6. Given a Lie algebroid g, a g-module θ, and a bundle map φ : θ → g satisfying
the following two conditions:
φ(x ⊲ u) = [x, φ(u)],
φ(u) ⊲ v = −φ(v) ⊲ u,
for all u, v ∈ Γ(θ), x ∈ Γ(g), there exists a unique Lie algebra bundle structure on θ such that
(θ
φ
⇀ g) is a Lie algebroid crossed module.
Proof. Define the Lie bracket on θ by [u, v] = φ(u) ⊲ v, ∀u, v ∈ Γ(θ). The rest of the claim can
be verified directly.
1In [1], it is supposed that g is a transitive Lie algebroid. In this paper, it is unnecessary to maintain such a
prerequisite.
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The following fact is needed, which can be verified directly.
Proposition 2.7. Given a Lie algebroid crossed module (θ
φ
⇀ g), there exists a Lie algebroid
Ag⊲θ, which is the direct sum g ⊕ θ equipped with the anchor ρ = ρg and the Lie bracket such
that the θ and g are Lie subalgebroids, and
[x, u] = x ⊲ u, ∀x ∈ Γ(g), u ∈ Γ(θ).
2.2 Lie algebroid matched pairs
If P and Q are two Lie subalgebroids of a Lie algebroid L such that L = P ⊕ Q as vector
bundles, then L/P ∼= Q is naturally a P -module while L/Q ∼= P is naturally a Q-module. In
this situation, the Lie algebroids P and Q are said to form a matched pair.
Definition 2.8 ([23, 28, 31]). A pair (P,Q) of two Lie algebroids over the same base manifold
M , with anchors ρP and ρQ respectively, is called a matched pair if there exists a representation
of P on Q and a representation of Q on P , both denoted by ⊲, such that the identities
[ρP (X), ρQ(Y )] = −ρP
(
Y ⊲ X
)
+ ρQ
(
X ⊲ Y
)
,
X ⊲ [Y1, Y2] = [X ⊲ Y1, Y2] + [Y1,X ⊲ Y2] + (Y2 ⊲ X) ⊲ Y1 − (Y1 ⊲ X) ⊲ Y2,
Y ⊲ [X1,X2] = [Y ⊲ X1,X2] + [X1, Y ⊲ X2] + (X2 ⊲ Y ) ⊲ X1 − (X1 ⊲ Y ) ⊲ X2,
hold for all X1,X2,X ∈ Γ(P ) and Y1, Y2, Y ∈ Γ(Q).
The following lemma is standard.
Lemma 2.9 ([28, 31]). Given a matched pair (P,Q) of Lie algebroids, there is a Lie algebroid
structure P ⊲⊳ Q on the direct sum vector bundle P ⊕Q, with anchor
X ⊕ Y 7→ ρP (X) + ρQ(Y )
and bracket
[X1 ⊕ Y1,X2 ⊕ Y2] =
(
[X1,X2] + Y1 ⊲ X2 − Y2 ⊲ X1
)
⊕
(
[Y1, Y2] +X1 ⊲ Y2 −X2 ⊲ Y1
)
.
Conversely, if P⊕Q has a Lie algebroid structure for which P⊕0 and 0⊕Q are Lie subalgebroids,
then the representations defined by
[X ⊕ 0, 0⊕ Y ] = −Y ⊲ X ⊕X ⊲ Y
endow the couple (P,Q) with a matched pair structure.
Example 2.10 ([31]). A right g-action φ : g −→ X(M) on a manifold M gives rise to an action
Lie algebroid Mg (see Example 2.2) and a matched pair of Lie algebroids (TM,Mg). The two
representations are defined by
X ⊲ (fx) = X(f)x, (fx) ⊲ X = f [φ(x),X],
for any X ∈ X(M), f ∈ C∞(M) and x ∈ g.
The following example is well-known.
Example 2.11 ([24]). If the direct sum g⊕ g∗ of a vector space g and its dual g∗ is endowed
with a Lie algebra structure such that the direct summands g and g∗ are Lie subalgebras and
[X,α] = ad∗Xα− ad
∗
αX, ∀X ∈ g, α ∈ g
∗,
the pair (g, g∗) is said to be a Lie bialgebra. Lie bialgebras are instances of matched pairs of Lie
algebroids. The Lie algebra g ⊲⊳ g∗ is also called the double Lie algebra arising from the given
Lie bialgebra.
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2.3 Lie bialgebroids, Courant algebroids and Manin triples
In this section, we state basic definitions and facts about Lie bialgebroids and Courant algebroids.
Let A → M be a vector bundle. Assume that A and its dual A∗ are both Lie algebroids with
anchor maps ρ : A → TM and ρ∗ : A
∗ → TM , brackets on sections Γ(A) ⊗R Γ(A) → Γ(A) :
u ⊗ v 7→ [u, v] and Γ(A∗) ⊗R Γ(A
∗) → Γ(A∗) : θ ⊗ η 7→ [θ, η]∗, and differentials d : Γ(∧
•A∗) →
Γ(∧•+1A∗) and d∗ : Γ(∧
•A)→ Γ(∧•+1A), respectively.
Definition 2.12 ([16, 26, 29]). A pair of Lie algebroids (A,A∗) as above is a Lie bialgebroid if
d∗ is a derivation of the Gerstenhaber algebra (Γ(∧
•A),∧, [·, ·]), i.e.,
d∗[u, v] = [d∗u, v] + (−1)
k−1[u, d∗v], ∀u ∈ Γ(∧
kA),∀v ∈ Γ(∧lA).
Or, equivalently, if d is a derivation of the Gerstenhaber algebra (Γ(∧•A∗),∧, [·, ·]∗), i.e.,
d[θ, η]∗ = [dθ, η]∗ + (−1)
k−1[θ, dη]∗, ∀θ ∈ Γ(∧
kA∗),∀η ∈ Γ(∧lA∗).
Since the bracket [·, ·]∗ (resp. [·, ·]) can be recovered from the derivation d∗ (resp. d), one is
led to the following alternative definition: a Lie bialgebroid is a pair (A, d∗) consisting of a Lie
algebroid (A, [·, ·], ρ) and a degree 1 derivation d∗ of the Gerstenhaber algebra (Γ(∧
•A),∧, [·, ·])
such that d2∗ = 0.
In the particular case that M is a single point, a Lie bialgbroid (A,A∗) degenerates to a Lie
bialgebra (see Example 2.11).
Example 2.13. Let us briefly recall the notion of exact Lie bialgebroids [16,19]. Let A be a Lie
algebroid with bracket [·, ·] on Γ(A) and anchor map ρ : A→ TM . Given Λ ∈ Γ(∧2A) satisfying
[[Λ,Λ],X] = 0 for all X ∈ Γ(A), the bracket
[ξ, θ]Λ = LΛ♯(ξ)θ −LΛ♯(θ)ξ − dA(Λ(ξ, θ)) = LΛ♯(ξ)θ − ιΛ♯(θ)dAξ
on Γ(A∗) and the anchor map ρ∗ = ρ ◦ Λ
♯, make A∗ a Lie algebroid. The pair of Lie algebroid
structures on A and A∗ fits into a Lie bialgebroid (A,A∗), which is known as an exact Lie
bialgebroid. Such an element Λ is also known as an r-matrix on A.
A closely related notion to that of Lie bialgebroids is that of Courant algebroids, which is
introduced in [20] as a way to merge the concept of Lie bialgebras and the bracket on X(M) ⊕
Ω1(M) — here M is a smooth manifold — first discovered by Courant [10]. Roytenberg gave
an equivalent definition phrased in terms of the Dorfman bracket [32].
Definition 2.14. A Courant algebroid consists of a vector bundle π : E →M , a non-degenerate
pseudo-metric 〈·, ·〉 on the fibers of π, a bundle map ρ : E → TM called anchor, and an R-
bilinear operation ◦ on Γ(E) called Dorfman bracket, which, for all f ∈ C∞(M) and x, y, z ∈
Γ(E), satisfy the relations
x ◦ (y ◦ z) = (x ◦ y) ◦ z + y ◦ (x ◦ z); (1)
ρ(x ◦ y) = [ρ(x), ρ(y)]; (2)
x ◦ fy =
(
ρ(x)f
)
y + f(x ◦ y); (3)
x ◦ y + y ◦ x = D〈x, y〉; (4)
Df ◦ x = 0; (5)
ρ(x)〈y, z〉 = 〈x ◦ y, z〉+ 〈y, x ◦ z〉, (6)
where D : C∞(M)→ Γ(E) is the R-linear map defined by 〈Df, x〉 = ρ(x)f .
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The symmetric part of the Dorfman bracket is given by (4). The Courant bracket is defined as
the skew-symmetric part Jx, yK = 12(x ◦ y − y ◦ x) of the Dorfman bracket. Thus we have the
relation x ◦ y = Jx, yK + 12D〈x, y〉.
The definition of a Courant algebroid can be rephrased using the Courant bracket instead of the
Dorfman bracket [20]. More, regular Courant algebroids are extensively studied in [8].
Definition 2.15. A Dirac structure of a Courant algebroid E is a smooth subbundle D → M ,
which is maximally isotropic with respect to the pseudo-metric and whose space of sections is
closed under the Dorfman bracket.
Thus a Dirac structure inherits a canonical Lie algebroid structure.
In analogue to Example 2.11, the notion of Courant algebroids plays the role of the double of
Lie bialgebroids. In fact, the relation between Courant algebroids and Lie bialgebroids is given
as follows.
Theorem 2.16 ([20]). There is a one-one correspondence between Lie bialgebroids and pairs of
transverse Dirac structures of a Courant algebroid.
More precisely, if the pair (A,A∗) is a Lie bialgebroid, then the vector bundle A ⊕ A∗ → M
together with the pseudo-metric
〈X1 + ξ1 | X2 + ξ2〉 = ξ1(X2) + ξ2(X1),
the anchor map ρ = ρ + ρ∗ (whose dual is given by Df = df + d∗f for f ∈ C
∞(M), and the
Dorfman bracket
(X1 + ξ1) ◦ (X2 + ξ2) =
(
[X1,X2] + Lξ1X2 − ιξ2d∗X1
)
+
(
[ξ1, ξ2]∗ + LX1ξ2 − ιX2dξ1
)
(7)
forms a Courant algebroid in which A and A∗ are transverse Dirac structures, where X1,X2
denote arbitrary sections of A and ξ1, ξ2 are arbitrary sections of A
∗. This Courant algebroid is
called the double of the Lie bialgebroid (A,A∗).
Following Liu-Xu-Weinstain [20], we have
Definition 2.17. The data (E,A,B) is called a Manin triple, where E is a Courant algebroid,
A and B are mutually transverse Dirac structures of E.
Example 2.18. Assume that we are given a Lie algebroid matched pair (P,Q) as in Definition
2.8. The action of P on Q induces an action of P on Q∗:
〈X ⊲ ξ | Y 〉 = ρP (X) 〈ξ | Y 〉 − 〈ξ | X ⊲ Y 〉 , ∀X ∈ Γ(P ), Y ∈ Γ(Q), ξ ∈ Γ(Q
∗).
Similarly, there is an induced action of Q on P ∗. Then one is able to construct a pair of
semi-direct product Lie algebroids:
A = P ⋉Q∗, A∗ = Q⋉ P ∗.
Here P ∗ ⊂ A∗ (and similarly for that of Q∗ ⊂ A) is a trivial Lie subalgebroid. It turns out that
they form a Lie bialgebroid.
In fact, The Lie algebroid P ⊲⊳ Q and its dual bundle P ∗ ⊕Q∗, as a trivial Lie algebroid, form
a Lie bialgebroid. We thus have a Courant algebroid E = P ⊲⊳ Q ⊕ P ∗ ⊕ Q∗, in which A and
A∗ are transverse Dirac structures. Hence we have the conclusion.
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Example 2.19. Let (g, g∗) be a Lie bialgebra, g ⊲⊳ g∗ the double Lie algebra (see Example
2.11). Suppose that there exist two actions ϕ : g −→ X(M) and ψ : g∗ −→ X(M) such that
[ϕ(x), ψ(ξ)] = ψ(ad∗xξ)− ϕ(ad
∗
ξx), ∀x ∈ g, ξ ∈ g
∗.
We then get an action ϕ⊕ψ : g ⊲⊳ g∗ −→ X(M). Assume further that Ker(ϕ⊕ψ) is coisotropic,
i.e.,
〈x1 | ξ2〉+ 〈x2 | ξ1〉 = 0, ∀(xi, ξi) ∈ g⊕ g
∗, s.t., ϕ(xi) + ψ(ξi) = 0.
We claim there is a Lie bialgebroid structure on (Mg,Mg
∗
), whereMg andMg
∗
are, respectively,
the action Lie algebroids induced by the actions ϕ and ψ (see Example 2.2).
To see this, we need a result in [18], which states that if there is an action φ of a quadratic
Lie algebra g on a manifold M and the kernel of φ is coisotropic, then there exists a Courant
algebroid structure on M × g whose anchor is given by φ. In this example, we take g ⊲⊳ g∗ as
the quadratic Lie algebra, and get a Courant algebroid M × (g ⊲⊳ g∗). Moreover, Mg and Mg
∗
are transverse Dirac structures, so they form a Lie bialgebroid.
3 Lie Bialgebroid Crossed Modules
The notion of Lie bialgebra crossed modules is introduced in [6]. The motivation is to study
certain Poisson structures on semi-strict Lie 2-groups and it turns out that the infinitesimal data
of such structures exactly matches the notion of a Lie bialgebra crossed module.
A straightforward generalized notion is the following.
Definition 3.1. A Lie bialgebroid crossed module is a pair of Lie algebroid crossed modules in
duality: (θ
φ
⇀ g) and (g∗
φT
⇀ θ∗), where φT = −φ∗, such that (Ag⊲θ, Aθ∗⊲g∗) is a Lie bialgebroid.
Here Ag⊲θ and Aθ∗⊲g∗ are Lie algebroids defined in Proposition 2.7.
Below are the main results of this paper, all of them will be proved in the last section. The first
theorem reveals the relation between matched pairs and Lie bialgebroid crossed modules.
Theorem 3.2. Let (θ
φ
⇀ g) and (g∗
φT
⇀ θ∗) both be Lie algebroid crossed modules. Then they
form a Lie bialgebroid crossed module if and only if the pair (g, θ∗) is a matched pair of Lie
algebroids, where the g-action on θ∗ is dual to the given g-action on θ, and the θ∗-action on g
is dual to the given θ∗-action on g∗.
We are in the position to introduce a new notion.
Definition 3.3. A co-quadratic Lie algebroid is a Lie algebroid K over M together with a
symmetric, bilinear (possibly degenerate) 2-form on the dual vector space:
⌊
 , 
⌋
: Γ(K∗)× Γ(K∗) → C∞(M),
which is K-invariant, i.e., ∀ X ∈ Γ(K), γ, γ′ ∈ Γ(K∗),
ρ(X)
⌊
γ, γ′
⌋
=
⌊
LKXγ, γ
′
⌋
+
⌊
γ,LKXγ
′
⌋
, (8)
where ρ is the anchor of K.
The following proposition can be proved easily.
8
Proposition 3.4. A co-quadratic Lie algebroid structure over the Lie algebroid K is determined
by an element C ∈ K⊙K (where ⊙ denotes the symmetric tensor product) which is K-invariant:
LKXC = 0, ∀X ∈ Γ(K).
Definition 3.5. Let K be a co-quadratic Lie algebroid. A Dirac structure of K is a Lie
subalgebroid D ⊂ K such that the null space
D0 =
{
γ ∈ K∗p | p ∈M, 〈γ | d〉 = 0,∀d ∈ Kp
}
is isotropic with respect to
⌊
 , 
⌋
.
Definition 3.6. We call (K,P,Q) a co-quadratic Manin triple if K is a co-quadratic Lie alge-
broid, P and Q are two Dirac structures of K which are transverse to each other, i.e., K = P⊕Q.
The following theorem is the second main result of this paper, which can be regarded as the
crossed module version of Manin triples.
Theorem 3.7. There is a one-one correspondence between Lie bialgebroid crossed modules and
co-quadratic Manin triples.
This theorem is reformulated by the following two Propositions: 3.8 and 3.9.
Proposition 3.8. Given a co-quadratic Manin triple (K,P,Q), there is a Lie bialgebroid crossed
module structure on the dual crossed modules (P 0
φ
⇀ P ) and (Q0
φT
⇀ Q), where φ : P 0 → P is
determined by
〈ξ | φ(u)〉 :=
⌊
ξ, u
⌋
, ∀ξ ∈ Γ(Q0), u ∈ Γ(P 0).
(We treat P 0 = Q∗ and Q0 = P ∗ in the standard way.)
For the converse of Proposition 3.8, we have
Proposition 3.9. Given a Lie bialgebroid crossed module structure on the dual crossed modules
(θ
φ
⇀ g) and (g∗
φT
⇀ θ∗), there is a co-quadratic Lie algebroid
K = g ⊲⊳ θ∗
with the 2-form
⌊
 , 
⌋
on K∗ = g∗ ⊕ θ defined by
⌊
ξ1 + u1, ξ2 + u2
⌋
= 〈ξ1 | φ(u2)〉+ 〈ξ2 | φ(u1)〉 , ∀ξ1, ξ2 ∈ Γ(g
∗), u1, u2 ∈ Γ(θ).
Moreover, g and θ∗ are transverse Dirac structures in K.
The following facts are direct consequences.
Corollary 3.10. Any Lie bialgebroid crossed module structure of the form (θ
0
⇀ g) is equivalent
to assign to (g, θ∗) a Lie algebroid matched pair structure.
Corollary 3.11. Given a matched pair (P,Q) as in Definition 2.8, and an element h ∈ Γ(P⊗Q)
which is invariant:
[l, h] = 0, ∀l ∈ Γ(P ⊲⊳ Q),
there exists a Lie bialgebroid crossed module structure on the dual crossed modules (Q∗
φ
⇀ P )
and (P ∗
φT
⇀ Q), where φ : Q∗ → P is determined by
φ(β) := ιβh, ∀β ∈ Γ(Q
∗).
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Furthermore, we have
Corollary 3.12. A Lie bialgebroid crossed module structure on the dual crossed modules (θ
φ
⇀ g)
and (g∗
φT
⇀ θ∗) induces two Lie bialgebroid structures (Ag⊲θ, Aθ∗⊲g∗), (g ⊲⊳ θ
∗, g∗ ⊕ θ).
Remark 3.13. In fact, the pairs (g, g∗) and (θ, θ∗) are also Lie bialgebroids. However, in the
Courant algebroid Ag⊲θ ⊕ Aθ∗⊲g∗ (see Proposition 5.2), the Dorfmann bracket on g ⊕ g
∗ is not
closed, nor on θ ⊕ θ∗.
4 Examples
In this section, we give several examples of Lie bialgebroid crossed modules.
Example 4.1. Let A and B be vector bundles over M , d : A→B a bundle map. Equipped
with abelian Lie algebroids on both A and B, and the trivial action of B on A, then (A
d
⇀ B) is
an obvious Lie algebroid crossed module. By Theorem 3.2, any Lie bialgebroid crossed module
structure of the form (A
d
⇀ B) is equivalent to assign a Lie algebroid crossed module structure
to (B∗
dT
⇀ A∗).
Example 4.2. We recall the action of a Lie algebra crossed module (θ
φ
⇀ g) on a smooth
manifold M [30]. Such an action is in fact a Lie algebra crossed module homomorphism
ϕ = (ϕ0, 0) : (θ
φ
⇀ g) −→ (0 ⇀ X(M)). In other words, ϕ0 : g −→ X(M) is a Lie algebra
homomorphism such that ϕ0 ◦ φ = 0. A Lie algebroid crossed module structure (M × θ
φ
⇀Mg)
is induced. Here Mg is an action Lie algebroid Mg (see Example 2.2) and the action of Mg on
M × θ is induced by the action of g on θ.
Now suppose that (θ
φ
⇀ g) and (g∗
φT
⇀ θ∗) form a Lie bialgebra crossed module defined in the
earlier work [6]. Assume further that ψ0 : θ
∗ −→ X(M) defines an action of the Lie algebra
crossed module (g∗
φT
⇀ θ∗) on M .
If ϕ0 and ψ0 satisfy the following condition:
[ϕ0(x), ψ0(α)] = ψ0(x ⊲ α)− ϕ0(α ⊲ x), ∀x ∈ g, α ∈ θ
∗,
then the map ϕ0⊕ψ0 : g ⊲⊳ θ
∗ −→ X(M) defines an action, and we have an action Lie algebroid
Mg⊲⊳θ
∗
. It is easy to see that (Mg,Mθ
∗
) is a matched pair and Mg ⊲⊳ Mθ
∗ ∼= Mg⊲⊳θ
∗
. Thus, by
Theorem 3.2, (M × θ
φ
⇀ Mg) and (M × g∗
φT
⇀Mθ
∗
) form a Lie bialgebroid crossed module.
Example 4.3. In Example 2.13 we have reviewed the standard r-matrix construction of Lie
bialgebroids. Below, we give an analogous construction of Lie bialgebroid crossed modules.
Let (θ
φ
⇀ g) be a Lie algebroid crossed module. We call r ∈ Γ(∧2θ) a crossed module r-matrix
if [r, r] ∈ Γ(∧3θ) is g-invariant, i.e.,
x ⊲ [r, r] = 0, ∀ x ∈ Γ(g).
It can be verified that such a crossed module r-matrix r is an r-matrix on θ. Moreover, it gives
rise to a Lie algebroid crossed module structure (g∗
φT
⇀ θ∗). The Lie algebroid structure of θ∗ is
just given by [  ,  ]r as in Example 2.13. And the action of θ
∗ on g∗ is given as follows:
〈α ⊲ ξ | x〉 = −〈α ∧ φT (ξ) | x ⊲ r〉 ,
where α ∈ Γ(θ∗), ξ ∈ Γ(g∗), x ∈ Γ(g).
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Define r′ ∈ Γ(g ∧ θ)⊕ Γ(∧2g) by the rule:
if r =
∑
i
ai ∧ bi, (ai, bi ∈ Γ(θ)), then r
′ =
∑
i
(
φ(ai) ∧ bi + ai ∧ φ(bi)− φ(ai) ∧ φ(bi)
)
.
Then, r + r′ is an r-matrix of the Lie algebroid Ag⊲θ. Moreover, one can check that the Lie
algebroid structure on Aθ∗⊲g∗ comes from r + r
′. Hence (Ag⊲θ, Aθ∗⊲g∗) is a Lie bialgebroid and
by definition, the Lie algebroid crossed modules (θ
φ
⇀ g) and (g∗
φT
⇀ θ∗) form a Lie bialgebroid
crossed module.
5 Techniques and Proofs of Main Theorems
Throughout this section, we suppose that x, y ∈ Γ(g), ξ, η ∈ Γ(g∗), u, v ∈ Γ(θ) and α, β ∈ Γ(θ∗).
Proposition 5.1. Given a Lie algebroid crossed module (θ
φ
⇀ g), we have the following equali-
ties:
φT (Lgxξ) = x ⊲ φ
T (ξ), (9)
φ(u) ⊲ α = Lθuα. (10)
Proof. For all u ∈ Γ(θ), one has
〈φT (Lgxξ) | u〉 = −〈L
g
xξ | φ(u)〉 = −ρg(x) 〈ξ | φ(u)〉 + 〈ξ | [x, φ(u)]〉
= −ρg(x) 〈ξ | φ(u)〉+ 〈ξ | φ(x ⊲ u)〉
= ρg(x) 〈φ
T (ξ) | u〉 − 〈φT (ξ) | x ⊲ u〉
= 〈x ⊲ φT (ξ) | u〉 .
This proves (9). For (10), we observe that
〈φ(u) ⊲ α | v〉 = −〈α | φ(u) ⊲ v〉 = −〈α | [u, v]〉 =
〈
Lθuα | v
〉
,
where we have used the facts that ρg ◦ φ = 0 and θ is a Lie algebra bundle.
Proposition 5.2. Suppose that (θ
φ
⇀ g) and (g∗
φT
⇀ θ∗) are Lie algebroid crossed modules in
duality and let
E = Ag⊲θ ⊕Aθ∗⊲g∗ = g⊕ θ ⊕ θ
∗ ⊕ g∗
be endowed with the Dorfmann bracket ◦ in Eqt. (7). Then,
(1) Restricted to g⊕ g∗, we have
x ◦ ξ = Lgxξ − L
g∗
ξ x+ x ∨ ξ, ∀x ∈ Γ(g), ξ ∈ Γ(g
∗).
Here x ∨ ξ ∈ Γ(θ) is defined by
〈x ∨ ξ | α〉= 〈ξ | α ⊲ x〉 = ρθ∗(α) 〈ξ | x〉 − 〈x | α ⊲ ξ〉 , ∀α ∈ Γ(θ
∗). (11)
(2) Restricted to θ ⊕ θ∗, we have
α ◦ u = Lθ
∗
α u− L
θ
uα+ α ∨ u, ∀u ∈ Γ(θ), α ∈ Γ(θ
∗).
Here α ∨ u ∈ Γ(g∗) is defined by
〈α ∨ u | x〉= 〈u | x ⊲ α〉 = ρg(x) 〈α | u〉 − 〈α | x ⊲ u〉 , ∀x ∈ Γ(g). (12)
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(3) Restricted to g⊕ θ∗, we have
x ◦ α = x ⊲ α− α ⊲ x, ∀x ∈ Γ(g), α ∈ Γ(θ∗).
(4) Restricted to g∗ ⊕ θ, the Dorfmann bracket ◦ vanishes.
Proof. For simplicity, we write A = Ag⊲θ and A
∗ = Aθ∗⊲g∗ . We first show Claim (1). In fact,
〈x ◦ ξ | y + u+ α+ η〉 =
〈
LAx ξ − iξdA∗x | y + u+ α+ η
〉
= ρg(x)ξ(y)− 〈ξ | [x, y + u]A〉 − dA∗x(ξ, α + η)
= 〈Lgxξ | y〉+ ρθ∗(α)ξ(x) + 〈x | [ξ, α + η]A∗〉
= 〈Lgxξ | y〉 −
〈
Lg
∗
ξ x | η
〉
+ ρθ∗(α)ξ(x) − 〈x | α ⊲ ξ〉 .
Claim (2) can be derived analogously.
For Claim (3), one needs to observe that
〈x ◦ α | y + u+ β + η〉 =
〈
LAxα− iαdA∗x | y + u+ β + η
〉
= ρg(x)α(u) − 〈α | x ⊲ u〉 − ρθ∗(α)η(x) + 〈x | α ⊲ η〉
= 〈x ⊲ α | u〉 − 〈α ⊲ x | η〉 .
Finally to show Claim (4), it suffices to prove that g∗ and θ are commuting with respect to ◦.
In fact,
〈ξ ◦ u | x+ v + β + η〉 =
〈
LA
∗
ξ u− iudAξ | x+ v + β + η
〉
= −〈u | [ξ, β + η]A∗〉 − dAξ(u, x+ v)
= 0 + 0 = 0.
Lemma 5.3. Maintain the assumptions in Proposition 5.2 and suppose further that (g, θ∗) is a
matched pair. Then we have
ρg(L
g∗
ξ x) = 0, (13)
Lgx[ξ, η] = [L
g
xξ, η] + [ξ,L
g
xη]− L
g
L
g∗
ξ
x
η + Lg
L
g∗
η x
ξ − dg
〈
Lg
∗
η x | ξ
〉
, (14)
Lg
∗
ξ [x, y] = [L
g∗
ξ x, y] + [x,L
g∗
ξ y] + L
g∗
L
g
yξ
x− Lg
∗
L
g
xξ
y, (15)
for all ξ, η ∈ Γ(g∗), x, y ∈ Γ(g).
Proof. Applying Proposition 5.1 to the Lie algebroid crossed module (g∗
φT
⇀ θ∗), we have
Lg
∗
ξ x = φ
T (ξ) ⊲ x. (16)
Thus, by Eqt. (9) and the facts that (g, θ∗) is a matched pair and ρθ∗ ◦ φ
T = 0, we have
ρg(L
g∗
ξ x) = ρg(φ
T (ξ) ⊲ x) = ρθ∗(x ⊲ φ
T (ξ)) = ρθ∗φ
T (Lgxξ) = 0.
To prove Eqt. (14), we calculate
〈Lx[ξ, η] | y〉 = ρg(x) 〈[ξ, η] | y〉 − 〈[ξ, η] | [x, y]〉
= ρg(x) 〈[ξ, η] | y〉+ 〈φ
T (η) ⊲ ξ | [x, y]〉
= ρg(x) 〈[ξ, η] | y〉 − 〈ξ | φ
T (η) ⊲ [x, y]〉
= ρg(x) 〈[ξ, η] | y〉
− 〈ξ | [φT (η) ⊲ x, y] + [x, φT (η) ⊲ y] + (y ⊲ φT (η)) ⊲ x− (x ⊲ φT (η)) ⊲ y〉 .
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The last step is due to the fact that (g, θ∗) is a matched pair. Below we evaluate each of the
above terms:
−〈ξ | [φT (η) ⊲ x, y]〉 = 〈ξ | [y,Lηx]〉 =
〈
LLηxξ | y
〉
(by Eqt. (13),(16)),
−〈ξ | [x, φT (η) ⊲ y]〉 = 〈Lxξ | φ
T (η) ⊲ y〉 − ρg(x) 〈ξ | φ
T (η) ⊲ y〉
= −〈φT (η) ⊲ (Lxξ) | y〉+ ρg(x) 〈φ
T (η) ⊲ ξ | y〉
= 〈[Lxξ, η] | y〉 − ρg(x) 〈[ξ, η] | y〉 ,
−〈ξ | (y ⊲ φT (η)) ⊲ x〉 = 〈φT (Lyη) ⊲ ξ | x〉 (by Eqt. (9), ρθ∗ ◦ φ
T = 0)
= 〈[Lyη, ξ] | x〉 = 〈Lyη | Lξx〉
= ρg(y) 〈η | Lξx〉 − 〈η | [y,Lξx]〉
= −〈dg 〈Lηx | ξ〉 | y〉 −
〈
LLξxη | y
〉
(by Eqt. (13)),
〈ξ | (x ⊲ φT (η)) ⊲ y〉 = 〈ξ | φT (Lxη) ⊲ y〉 (by Eqt. (9))
= −〈φT (Lxη) ⊲ ξ | y〉 = 〈[ξ,Lxη] | y〉 .
Combining these equalities, one proves Eqt. (14).
To prove Eqt. (15), we again note that (g, θ∗) is a matched pair, and
〈Lξ[x, y] | η〉 = −〈[x, y] | [ξ, η]〉 = 〈η | φ
T (ξ) ⊲ [x, y]〉
= 〈η | [φT (ξ) ⊲ x, y] + [x, φT (ξ) ⊲ y] + (y ⊲ φT (ξ)) ⊲ x− (x ⊲ φT (ξ)) ⊲ y〉
=
〈
η | [Lξx, y] + [x,Lξy] + LLyξx− LLxξy
〉
,
where we have used Eqt. (16) and the fact that
〈η | (y ⊲ φT (ξ)) ⊲ x〉 = 〈η | (φT (Lyξ) ⊲ x〉 = −〈[Lyξ, η] | x〉 =
〈
η | LLyξx
〉
.
We thus get Eqt. (15).
Proof of Theorem 3.2. “=⇒”: If (θ
φ
⇀ g) and (g∗
φT
⇀ θ∗) form a Lie bialgebroid crossed module,
then A = Ag⊲θ and A
∗ = Aθ∗⊲g∗ constitute a Lie bialgebroid. Thus,
E = A⊕A∗ = g⊕ θ ⊕ θ∗ ⊕ g∗
is endowed with a Courant algebroid structure. By Proposition 5.2, g⊕ θ∗ is a Dirac structure,
as well as a Lie algebroid with g and θ∗ as Lie sub-algebroids. Hence by Lemma 2.9, the pair
(g, θ∗) must be a matched pair.
“⇐=”: Assume that (g, θ∗) is a matched pair. For E = A⊕A∗, we first check Conditions (2) –
(6) in Definition 2.14.
For any two Lie algebroids A and A∗, one may directly verify that the Dorfman bracket (7)
satisfies (3),(4) and (6). Since the anchor maps vanish on θ and g∗, we have
Df = d∗f + df ∈ Γ(θ)⊕ Γ(g
∗),
ρ ◦ D = 0, and to verify (2), we only need to prove the following equality:
ρ((α + ξ) ◦ (x+ u)) = [ρθ∗(α), ρg(x)]. (17)
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In fact, by Proposition 5.2 and (13), the LHS of (17) equals −ρθ∗(x ⊲ α) + ρg(α ⊲ x). Thus the
two sides of (17) match because (g, θ∗) is a matched pair.
To show (5), we check that, for any x ∈ Γ(g):
(d∗f + df) ◦ x = −x ⊲ (d∗f)− L
g
x(df) + L
g∗
dfx− x ∨ (df) + d∗(ρg(x)f) + d(ρg(x)f).
Among these terms, it is easy to see that −Lgx(df) + d(ρg(x)f) = 0. Also, by (13) and (10), we
have 〈
Lg
∗
dfx | ξ
〉
= 〈x | [df, ξ]〉 = −〈x | φT (ξ) ⊲ df〉 = 〈φT (ξ) ⊲ x | df〉 = ρ(Lg
∗
ξ x)f = 0.
Moreover, we find
〈−x ⊲ (d∗f)− x ∨ (df) + d∗(ρg(x)f) | α〉 =
(
ρθ∗(x ⊲ α)− ρg(α ⊲ x)− [ρg(x), ρθ∗(α)]
)
f = 0.
Thus we have proved
(d∗f + df) ◦ x = 0.
For u ∈ Γ(θ), we have
〈[d∗f, u] | α〉 = −〈φ(u) ⊲ d∗f | α〉 = 〈φ(u) ⊲ α | d∗f〉 = ρθ∗(L
θ
uα)f = 0,
where we have used (13) and (10). Hence we obtain that [d∗f, u] = 0, ∀ u ∈ Γ(θ). Since g
∗ and
θ commute, we have df ◦ u = 0. Consequently, we get
(d∗f + df) ◦ u = [d∗f, u] + df ◦ u = 0.
Similarly, we can prove that (d∗f+df)◦(α+ξ) = 0, for all α ∈ Γ(θ
∗), ξ ∈ Γ(g∗). This completes
the proof of (5).
So, to prove that E is a Courant algebroid, it remains to show Condition (1), namely the Leibniz
identity, for which we examine various cases.
• For three elements in g ⊕ θ∗, the assumption that (g, θ∗) is a matched pair already implies
Condition (1) involving these elements.
• For elements x ∈ Γ(g), ξ, η ∈ Γ(g∗), by (14) and L[ξ,η] = [Lξ,Lη], we have
x ◦ (ξ ◦ η)− (x ◦ ξ) ◦ η − ξ ◦ (x ◦ η)
= Lx[ξ, η] − L[ξ,η]x+ x ∨ [ξ, η] −
(
[Lxξ, η] − LLξxη + LηLξx− (Lξx) ∨ η
)
−
(
[ξ,Lxη] + LLηxξ − LξLηx+ (Lηx) ∨ ξ − (dg + dθ∗) 〈Lηx | ξ〉
)
= x ∨ [ξ, η] + (Lξx) ∨ η − (Lηx) ∨ ξ + dθ∗ 〈Lηx | ξ〉 .
The last line vanishes because
〈x ∨ [ξ, η] + (Lξx) ∨ η − (Lηx) ∨ ξ | α〉+ ρθ∗(α) 〈Lηx | ξ〉
= ρθ∗(α) 〈x | [ξ, η]〉 − 〈x | α ⊲ [ξ, η]〉 + ρθ∗(α) 〈Lξx | η〉 − 〈Lξx | α ⊲ η〉
−ρθ∗(α) 〈Lηx | ξ〉+ 〈Lηx | α ⊲ ξ〉 − ρθ∗(α) 〈x | [η, ξ]〉
= 〈x | − α ⊲ [ξ, η] + [α ⊲ ξ, η] + [ξ, α ⊲ η]〉 = 0, ∀α ∈ Γ(θ∗).
So we obtain
x ◦ (ξ ◦ η)− (x ◦ ξ) ◦ η − ξ ◦ (x ◦ η) = 0. (18)
• For elements u ∈ Γ(θ), x ∈ Γ(g), ξ ∈ Γ(g∗), we have
u ◦ (x ◦ ξ)− (u ◦ x) ◦ ξ − x ◦ (u ◦ ξ) = (Lξx) ⊲ u+ [u, x ∨ ξ]. (19)
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We need the following identity
φ(x ∨ ξ) = Lξx.
In fact, for any η ∈ Γ(g∗), we have (note that ρ ◦ φT = 0)
〈φ(x ∨ ξ) | η〉 = −〈(x ∨ ξ) | φT (η)〉 = 〈x | φT (η) ⊲ ξ〉
= 〈x | [η, ξ]〉 = 〈Lξx | η〉 .
Then, by the fact that [u, x ∨ ξ] = −φ(x ∨ ξ) ⊲ u, the RHS of (19) is indeed zero. So we have
proved
u ◦ (x ◦ ξ)− (u ◦ x) ◦ ξ − x ◦ (u ◦ ξ) = 0. (20)
In a similar manner, one can show that
(Luα) ⊲ ξ + [ξ, α ∨ u] = 0, ∀u ∈ Γ(θ), α ∈ Γ(θ
∗), ξ ∈ Γ(g∗). (21)
• For elements u ∈ Γ(θ), x ∈ Γ(g), α ∈ Γ(θ∗), we have
x ◦ (α ◦ u)− (x ◦ α) ◦ u− α ◦ (x ◦ u)
= x ◦ (Lαu− Luα+ α ∨ u)− (x ⊲ α− α ⊲ x) ◦ u−
(
Lα(x ⊲ u)−Lx⊲uα+ α ∨ (x ⊲ u)
)
.
According to Proposition 5.2, we can show that the Γ(g)-component of x ◦ (α ◦u)− (x ◦α) ◦u−
α ◦ (x ◦ u) is zero. In fact, for any ξ ∈ Γ(g∗),
〈
PrΓ(g)
(
x ◦ (α ◦ u)− (x ◦ α) ◦ u− α ◦ (x ◦ u)
)
| ξ
〉
= 〈(Luα) ⊲ x− Lα∨ux | ξ〉
= 〈x | − (Luα) ⊲ ξ + [α ∨ u, ξ]〉 = 0,
where we have used (21).
To evaluate the Γ(θ)-component, we take β ∈ Γ(θ∗), and compute
〈
PrΓ(θ)
(
x ◦ (α ◦ u)− (x ◦ α) ◦ u− α ◦ (x ◦ u)
)
| β
〉
= 〈x ⊲ (Lαu) + x ∨ (α ∨ u)− Lx⊲αu+ (α ⊲ x) ⊲ u− Lα(x ⊲ u) | β〉
= ρg(x)ρθ∗(α)β(u) − ρg(x) 〈u | [α, β]〉 − ρθ∗(α) 〈u | x ⊲ β〉+ 〈u | [α, x ⊲ β]〉
+ 〈α ∨ u | β ⊲ x〉 − ρθ∗(x ⊲ α)β(u) + 〈u | [x ⊲ α, β]〉 + ρg(α ⊲ x)β(u)− 〈u | (α ⊲ x) ⊲ β)〉
−ρθ∗(α)ρg(x)β(u) + ρθ∗(α) 〈u | x ⊲ β〉+ ρg(x) 〈u | [α, β]〉 − 〈u | x ⊲ [α, β]〉
= 0.
Here we have used the facts that
〈α ∨ u | β ⊲ x〉 = 〈(β ⊲ x) ⊲ α | u〉 ,
and (g, θ∗) is a matched pair.
For the Γ(θ∗)-component, we have, for any v ∈ Γ(θ),
〈
PrΓ(θ∗)(x ◦ (α ◦ u)− (x ◦ α) ◦ u− α ◦ (x ◦ u)) | v
〉
= 〈−x ⊲ (Luα) + Lu(x ⊲ α) + Lx⊲uα | v〉
= −ρg(x) 〈Luα | v〉+ 〈Luα | x ⊲ v〉 − 〈x ⊲ α | [u, v]〉 − 〈α | [x ⊲ u, v]〉
= 〈α | x ⊲ [u, v] − [u, x ⊲ v]− [x ⊲ u, v]〉 = 0.
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For the Γ(g∗)-component, we have, for any y ∈ Γ(g),
〈
PrΓ(g∗)(x ◦ (α ◦ u)− (x ◦ α) ◦ u− α ◦ (x ◦ u)) | y
〉
= 〈Lx(α ∨ u)− (x ⊲ α) ∨ u− α ∨ (x ⊲ u) | y〉
= ρg(x)ρg(y)α(u) − ρg(x) 〈α | y ⊲ u〉 − 〈α ∨ u | [x, y]〉
−ρg(y) 〈x ⊲ α | u〉+ 〈x ⊲ α | y ⊲ u〉 − ρg(y) 〈x ⊲ u | α〉+ 〈α | y ⊲ (x ⊲ u)〉
= 〈α | − x ⊲ (y ⊲ u) + y ⊲ (x ⊲ u) + [x, y] ⊲ u〉 = 0.
Combining these four facts, we have proved that
x ◦ (α ◦ u)− (x ◦ α) ◦ u− α ◦ (x ◦ u) = 0. (22)
• For elements x, y ∈ Γ(g), ξ ∈ Γ(g∗), we have
x ◦ (y ◦ ξ)− (x ◦ y) ◦ ξ − y ◦ (x ◦ ξ)
= x ◦ (Lyξ − Lξy + y ∨ ξ)− (L[x,y]ξ − Lξ[x, y] + [x, y] ∨ ξ)− y ◦ (Lxξ − Lξx+ x ∨ ξ)
= (LxLyξ − L[x,y]ξ − LyLxξ) +
(
− LLyξx− [x,Lξy] + Lξ[x, y] + LLxξy − [Lξx, y]
)
+
(
x ∨ (Lyξ) + x ⊲ (y ∨ ξ)− [x, y] ∨ ξ − y ∨ (Lxξ)− y ⊲ (x ∨ ξ)
)
.
Obviously, the first two terms (the Γ(g∗),Γ(g) components) vanish due to [Lx,Ly] = L[x,y] and
Eqt. (15). We show that the last term, namely the Γ(θ)-component, vanishes. In fact, we note
that, for any α ∈ Γ(θ∗),
〈x ∨ (Lyξ) | α〉 = 〈α ⊲ x | Lyξ〉 = ρg(y) 〈ξ | α ⊲ x〉 − 〈ξ | [y, α ⊲ x]〉 .
By (11), we have
〈x ⊲ (y ∨ ξ) | α〉 = ρg(x) 〈α | y ∨ ξ〉 − 〈x ⊲ α | y ∨ ξ〉
= ρg(x) 〈ξ | α ⊲ y〉 − 〈ξ | (x ⊲ α) ⊲ y〉 .
It follows that
〈x ∨ (Lyξ) + x ⊲ (y ∨ ξ)− [x, y] ∨ ξ − y ∨ (Lxξ)− y ⊲ (x ∨ ξ) | α〉
= ρg(y) 〈ξ | α ⊲ x〉 − 〈ξ | [y, α ⊲ x]〉+ ρg(x) 〈ξ | α ⊲ y〉 − 〈ξ | (x ⊲ α) ⊲ y〉
− 〈ξ | α ⊲ [x, y]〉 − ρg(x) 〈ξ | α ⊲ y〉+ 〈ξ | [x, α ⊲ y]〉 − ρg(y) 〈ξ | α ⊲ x〉+ 〈ξ | (y ⊲ α) ⊲ x〉
= 0,
where we have used the fact that (g, θ∗) is a matched pair. We thus proved
x ◦ (y ◦ ξ)− (x ◦ y) ◦ ξ − y ◦ (x ◦ ξ) = 0. (23)
Now we have proved the Leibniz identity of the forms (18), (20), (22) and (23). Using Conditions
(4)–(5), it is easy to see that the Leibniz identity also holds for different orders of elements
involved in the above four cases. Since the role of g and θ∗ are symmetric, the Leibniz identity
actually holds for all possible choices of elements involved.
In summary, we have proved that E = Ag⊲θ ⊕Aθ∗⊲g∗ is a Courant algebroid, and thus Ag⊲θ and
Aθ∗⊲g∗ compose a Lie bialgebroid. This completes the proof of Theorem 3.2.
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Proposition 5.4. Given two vector bundles θ and g over M , and a bundle map φ : θ → g,
we define a pairing ⌊
 , 
⌋
: Γ(g∗)× Γ(θ) → C∞(M)
by setting ⌊
ξ, u
⌋
:= 〈ξ | φ(u)〉 , ∀ ξ ∈ Γ(g∗), u ∈ Γ(θ).
1) If g is a Lie algebroid and θ is a g-module, then there is a Lie algebroid crossed module
structure (θ
φ
⇀ g) if and only if the following two equalities hold:
ρg(x)
⌊
ξ, u
⌋
=
⌊
Lgxξ, u
⌋
+
⌊
ξ, x ⊲ u
⌋
, (24)⌊
α ∨ v, u
⌋
= −
⌊
α ∨ u, v
⌋
, (25)
for all x ∈ Γ(g), α ∈ Γ(θ∗), ξ ∈ Γ(g∗), u, v ∈ Γ(θ). (The ∨ operator is defined by Eqt.
(12).)
2) If θ∗ is a Lie algebroid and g∗ is a θ∗-module, then there is a Lie algebroid crossed module
structure (g∗
φT
⇀ θ∗) if and only if the following two equalities hold:
ρθ∗(α)
⌊
ξ, u
⌋
=
⌊
α ⊲ ξ, u
⌋
+
⌊
ξ,Lθ
∗
α u
⌋
,⌊
ξ, x ∨ η
⌋
= −
⌊
η, x ∨ ξ
⌋
,
for all x ∈ Γ(g), α ∈ Γ(θ∗), ξ, η ∈ Γ(g∗), u ∈ Γ(θ). (The ∨ operator is defined by Eqt.
(11).)
Proof. We first show that Eqt. (24) is equivalent to
φ(x ⊲ u) = [x, φ(u)].
In fact, by definition, we have
ρg(x)
⌊
ξ, u
⌋
−
⌊
Lgxξ, u
⌋
−
⌊
ξ, x ⊲ u
⌋
=ρg(x) 〈ξ | φ(u)〉 − ρg(x) 〈ξ | φ(u)〉+ 〈ξ | [x, φ(u)]〉 − 〈ξ | φ(x ⊲ u)〉
= 〈ξ | [x, φ(u)] − φ(x ⊲ u)〉 .
It can be easily seen that Eqt. (25) is equivalent to
φ(u) ⊲ v = −φ(v) ⊲ u, ∀ u, v ∈ Γ(θ).
We thus get the first conclusion, by Lemma 2.6. The second is proved analogously.
Proposition 5.5. Given a matched pair (P,Q) and suppose that there is a bilinear pairing
⌊
 , 
⌋
: Γ(P ∗)× Γ(Q∗) → C∞(M)
satisfying the following conditions: for all x ∈ Γ(P ), α ∈ Γ(Q), ξ, η ∈ Γ(P ∗), u, v ∈ Γ(Q∗),
ρP (x)
⌊
ξ, u
⌋
=
⌊
LPx ξ, u
⌋
+
⌊
ξ, x ⊲ u
⌋
,
ρQ(α)
⌊
ξ, u
⌋
=
⌊
α ⊲ ξ, u
⌋
+
⌊
ξ,LQαu
⌋
,⌊
α ∨ u, v
⌋
= −
⌊
α ∨ v, u
⌋
,⌊
x ∨ η, ξ
⌋
= −
⌊
x ∨ ξ, η
⌋
.
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Then there associates a Lie bialgebroid crossed module structure on (Q∗
φ
⇀ P ) and (P ∗
φT
⇀ Q) ,
where φ : Q∗ → P is determined by
〈ξ | φ(u)〉 :=
⌊
ξ, u
⌋
, ∀ ξ ∈ Γ(P ∗), u ∈ Γ(Q∗).
Proof. Let us denote Q∗ = θ and P = g. Hence g acts on θ and θ∗ acts on g∗. The four
conditions exactly match those in Proposition 5.4. Then by Theorem 3.2, the conclusion is
clear.
Proof of Proposition 3.8. We show that the L-invariance condition Eqt. (8) is equivalent to the
four conditions in Proposition 5.5. Then the conclusion follows immediately.
Under the decompositions
K = P ⊕Q, K∗ = Q0 ⊕ P 0,
we can prove the following two identities
LKx (ξ + u) = L
P
x ξ + (x ∨ ξ + x ⊲ u),
LKα (ξ + u) = (α ⊲ ξ + α ∨ u) + L
Q
αu
for all x ∈ Γ(P ), α ∈ Γ(Q), ξ ∈ Γ(Q0), u ∈ Γ(P 0). Here x ∨ ξ ∈ Γ(P 0) is defined by
〈x ∨ ξ | β〉 = 〈ξ | β ⊲ x〉
and x ⊲ u comes from the dual action of P on Q. In fact, for any y ∈ Γ(P ), β ∈ Γ(Q),
〈
LKx ξ | y + β
〉
= ρP (x)ξ(y)− 〈ξ | [x, y] + x ⊲ β − β ⊲ x〉 =
〈
LPx ξ + x ∨ ξ | y + β
〉
.
and 〈
LKx u | y + β
〉
= ρP (x)β(u) − 〈u | x ⊲ β〉 = 〈x ⊲ u | β〉 .
Thus the equivalence between Eqt. (8) and the four equalities in Proposition 5.5 is obvious.
Now, we can complete the proof of Proposition 3.9.
Proof of Proposition 3.9. By Theorem 3.2, we have that (g, θ∗) is a matched pair, soK = g ⊲⊳ θ∗
is a Lie algebroid. Moreover, by Proposition 5.4 and the the proof of Proposition 3.8, we get the
K-invariance of
⌊
 , 
⌋
. The fact that g and θ∗ are transverse Dirac structures of K is obvious.
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